We propose to realize Majorana edge and corner states in electric circuits. First, we simulate the Kitaev model by an LC electric circuit and the px + ipy model by an LC circuit together with operational amplifiers. Zero-energy edge states emerge in the topological phase, which are detectable by measuring impedance. Next, we simulate the Bernevig-Hughes-Zhang model by including an effective magnetic field without breaking the particle-hole symmetry, where zero-energy corner states emerge in the topological phase. It is demonstrated that they are Ising anyons subject to the braiding. Namely we derive σ 2 = −1 for them, where σ denotes the singleexchange operation. They may well be called Majorana states. We also study non-Hermitian generalizations of these models by requiring the particle-hole symmetry. It is shown that the braiding holds in certain reciprocal non-Hermitian generalizations.
Introduction: A Majorana state will be a key for future topological quantum computations 1 owing to the braiding. Majorana states are realized in topological superconductors 2, 3 and Kitaev spin liquids 4, 5 . In these systems, the particle-hole symmetry (PHS) plays an essential role since the zero-energy states becomes Majorana states [6] [7] [8] . Recently, Majorana corner states are proposed in various systems [9] [10] [11] [12] [13] [14] [15] , where the braiding has been shown for some of them 14, 15 . Furthermore, Majorana states in non-Hermitian systems are studied in various contexts [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . It is an interesting problem to seek other systems realizing Majorana states. Especially, it is fascinating if Majorana states are simulated by electric circuits.
Various topological phases are realized in electric circuits, such as the SSH model 26 , graphene 26, 27 , Weyl semimetal 26, 28 , nodal-line semimetal 29, 30 , higher-order topological phases [31] [32] [33] , Chern insulators 34 and non-Hermitian topological phases 35, 36 . A topological phase transition is induced by tuning variable capacitors and inductors. The impedance signals the edge and corner states 26, 27, [31] [32] [33] [34] [35] [36] .
In this paper, we propose to realize Majorana edge states and corner states in electric circuits. The essence is that parameters are tunable to make the system respect the PHS. First, we simulate the Kitaev model either by a pure LC circuit or by an LC circuit together with operational amplifiers. The p x + ip y model is also constructed by aligning these two circuits along the orthogonal directions. Zero-energy edge states corresponding to Majorana states are well observed by measuring the impedance. Next, we simulate the BernevigHughes-Zhang (BHZ) model together with an effective Zeeman field by an electric circuit. The model corresponds to a second-order topological superconductor with the emergence of a pair of Majorana corner states. We demonstrate explicitly that the braiding holds between a pair of corner states by calculating the Berry phase in an electric circuit.
The introduction of resistance makes the electric circuit non-Hermitian due to the Joule loss 35 . There are two types of non-Hermitian models, i.e., reciprocal models and nonreciprocal models, where nonreciprocity indicates that the forward and backward hopping amplitudes are different between two nodes. As far as the PHS is respected, it is shown that the braiding holds for the two corner states in a reciprocal nonHermitian extension of the BHZ model. However, the braiding becomes meaningless in the nonreciprocal extension. with
Here, t, µ and ∆ i represent the hopping amplitude, the chemical potential and the superconducting gap parameter. It is a two-band model, and the Hamiltonian is a 2 × 2 matrix. It is well known that the system is topological for |µ| < |2t| and trivial for |µ| > |2t| irrespective of ∆ i provided ∆ i = 0.
We simulate the Kitaev model by electric circuits. There are two types of circuits corresponding to the two Hamiltonians H y and H x , as illustrated in Fig.1 (a) and (b). Let us explain how to construct them. We use two main wires to represent a two-band model: One wire consists of capacitors C in series, implementing the electron band, while the other wire consists of inductors L in series, implementing the hole band. The hopping parameters are opposite between the electron and hole bands, which are represented by capacitors and inductors. Indeed, they contribute the terms proportional to iωC and 1/(iωL) to the circuit Laplacian J ab (ω) in (4), respectively, where ω is the frequency of the AC current.
In the wire with capacitors (inductors), each node a is connected to the ground via an inductor L 0 (C 0 ), as in Fig.1(a) -(b). This setting is made to make the system topological.
We then introduce pairing interactions between them. In order to construct the model H y , we cross bridge two wires by capacitors C X and inductors L X as shown in Fig.1(a) . On the other hand, in order to construct the model H x , we cross bridge two wires by operational amplifiers, which act as negative impedance converters with current inversion 34 . In the operational amplifier, the resistance depends on the current flowing direction; R f for the forward flow and −R b for the backward flow with the convention that R b > 0. We set R X = R f = R b to make the system reciprocal. A generalization to the nonreciprocal theory with R f = R b is straightforward.
The unit cell indicated by a dotted cyan box contains two sites in Fig.1 . Accordingly, we set
and the ground via the inductance L (conductance C), and V
L(C) a
is the voltage at node a L(C) . When we apply an AC voltage V (t) = V (0) e iωt , the Kirchhoff current law leads to the following formula 26, 31 ,
where the sum is taken over all adjacent nodes b, and J ab (ω) is called the circuit Laplacian.
(i) In the case of the circuit in Fig.1(a) we explicitly obtain
with
describing the imaginary superconducting pairing model H y . (ii) In the case of the circuit in Fig.1(b) we explicitly obtain (5), where f 1 and f 2 are given by (6) and
describing the real superconducting pairing model H x . The key procedure is to equate the circuit Laplacian (5) with the Hamiltonian (1). In so doing, it is necessary to require the PHS for the circuit, which requires us to tune the parameters to satisfy ω 0 ≡ 1/
, and set the AC frequency as ω = ω 0 . At this frequency, we may set J ab (ω) = iωH i ab (ω), which dictates the correspondence between the circuit and the superconductor model as t = −C, µ = −2C + C 0 , ∆ y = C X , and ∆ x = (ω 0 R X ) −1 . The system is precisely at the topological phase-transition point |µ| = |2t| without the capacitors C 0 and the inductors L 0 , since the condition µ = −2t is satisfied. It is topological in the presence of C 0 and L 0 . The system turns into a trivial phase when we exchange the capacitors C 0 and inductors L 0 connected to ground.
By calculating the LDOS as in Fig.2(a1) , we find the emergence of the zero-energy edge states in the topological phase. They are observable by measuring the impedance between the a and b nodes, which is given by 27 Z ab ≡ V a /I b = G ab , where G is the Green function defined by the inverse of the Laplacian J, G ≡ J −1 . We show numerical results in Fig.2(a2) for typical values of parameters, where we have set one node at the left or right edge. The behavior of the impedance is very similar to that of the LDOS. (iii) We next consider the p x + ip y model, whose Hamiltonian is given by (1) with
The model is simulated by layering the circuit for H y in the x direction and the circuit for H x in the y direction as shown in Fig.1(d) . The relations between the parameters are given by
It is a topological superconductor for |µ| < |2t|, where the zero-energy edge states emerge along all four edges.
Braiding of Majorana corner states:
The zero-energy edge states are Majorana states in the Kitaev model, but it is not easy to study the braiding 37 in the electric-circuit formalism. The zero-energy edge states in p x + ip y model is 2D. We proceed to investigate a 2D model possessing a pair of zeroenergy corner states to explore the braiding.
Such a model is given by the Bernevig-Hughes-Zhang Hamiltonian 38 , H BHZ = H t τ z + H SO τ x , where H t and H SO are given by (8) and (9), respectively. Although it is proposed for a topological insulator, it has the PHS, Ξ −1 H (k) Ξ = −H (−k) with Ξ = τ y σ y K, where K represents complex conjugation. When the Zeeman term H Z = B (σ x cos θ + Bσ y sin θ) is applied, it becomes a second-order topological superconductor with the emergence of zero-energy topological corner states 14, 39 . However, it breaks the PHS 12 . Here we propose the term H τ Z = Bτ z (σ x cos θ + σ y sin θ), which respects the PHS. Such a term does not exist in condensed matter, but it is allowed in electric circuits: See cyan parts in Fig.3 .
We simulate the BHZ model with the B field, H BHZ τ Z (θ) ≡ H BHZ + H τ Z , by an electric circuit. It is straightforward to generalize the above circuits in Fig.1 to the present one as in Fig.3 . Since it is a four-band model, we use four main wires. By analyzing the Kirchhoff current law, we may derive the circuit Laplacian J ab (ω), which is now a 4×4 matrix. Solving J ab (ω) = iωH BHZ τ Z , we obtain the correspondence between the system parameters. They are given by (10) supplemented by B x = C B or L B and B y = R B for the B field. We show the LDOS and the impedance at θ = π/4, 5π/4 in Fig.4(a) -(c), where the zero-energy corner states are clearly observed. See the LDOS at other values of θ elsewhere.
The zero-energy corner states subject to the PHS are Majorana states in condensed matter physics. A key question is whether they may be called Majorana states in electric circuits. Majorana particles are known to be Ising anyons possessing the property σ 2 = −1, where σ denotes the singleexchange operation 1, 4 . It is well known that only fermions and bosons are possible in 3D, for which σ 2 = 1. On the other hand, anyons are possible only in 2D. We recognize that this anyonic property is most important as a characteristics of Majorana states for future application to quantum computers.
We investigate the braiding for a pair of corner states. By increasing θ continuously from π/4 to 5π/4 (9π/4), we can exchange the position of two corner states once (twice) as in Fig.4(d) . The corner states remain to be zero-energy states with a finite gap during the process, as shown in Fig.4(f) . Thus, they remain well separated from the bulk bands during the exchange of the two corner states. The key property is how the wave function changes as θ increases. Note that the phase of the wave function is observable by the phase shift in the electric circuit.
Let |ψ α (θ) be an eigenstate of H BHZ τ Z (θ). When we increase θ adiabatically, the wave function |ψ α (θ) develops as 1, 4, 40 
where Θ = θ − π/4, and Γ αβ (Θ) is the Berry phase,
There are two-fold degenerate zero-energy corner states at θ = π/4. Since these two states are well separated as in Fig.4(a) , we may label them by α = 1, 2. Furthermore, we may construct the eigenfunctions continuous in θ such that ψ α (θ)| ψ β (θ) = δ αβ for any value of θ. Then, it follows that Γ αβ (Θ) is diagonal; Γ (Θ) ≡ Γ 11 (Θ) = Γ 22 (Θ). We show a numerical result for Γ (Θ) in Fig.4(e) . In particular, we obtain Γ(2π) = π.
The single and double exchanges correspond to the rotations Θ = π and Θ = 2π, respectively. After the double exchange we obtain Γ αβ (2π) = πδ αβ , which yields |ψ 1 → − |ψ 1 and |ψ 2 → − |ψ 2 , or σ
The LDOS is shown for all eigen-energies in Fig.2(a1) -(c1) by taking typical values of sample parameters in the Hermitian, reciprocal non-Hermitian and nonreciprocal nonHermitian cases. The characteristic feature of the nonreciprocal non-Hermitian model is the emergence of skin edge states as in [ Fig.2(c1) ], where all the eigen states are localized at one edge, as was first found in the non-Hermitian Su-SchriefferHeeger model [42] [43] [44] . Namely, two topological edge states are mixed between themselves and furthermore they are mixed with the bulk states in the vicinity of one edge. This is also the case for the topological corner states in the nonreciprocal non-Hermitian BHZ model. The braiding becomes meaningless in the nonreciprocal non-Hermitian models because there are no separated corner states.
We may construct a reciprocal non-Hermitian model respecting the PHS, by inserting a resistor R to a capacitance C and an inductor L in series in Fig.3 . The circuit Laplacian is obtained just by replacing C → (1/C + iωR)
We can check that the resultant non-Hermitian model is different from the original Hermitian model only by a pure imaginary shift. In such a case the braiding holds just as it is since the wave functions are not modified.
Discussion:
We have shown that Majorana edge and corner states are simulated by electric circuits. The Majorana corner states emerge in electric circuits whose size is as small as N = 4, which is a benefit on future high-density applications. Majorana states will be a key for future topological quantum computations, where the essential property is the braiding between two Majorana states. Furthermore, various extensions are possible to electric circuits for such as the dimerized Kitaev model 49 and the Kitaev ladder model 50 .
Our results might open a new way for topological quantum computations based on Majorana states in electric circuits.
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